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Synchronous Hopf-Bifurcation and Damping Osmosis
Phenomena of Liquid–Spacecraft Coupled System
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Nonlinear dynamics of a liquid–spacecraft coupled system are investigated. The spacecraft is modeled on a
spring–damper–mass system, and the liquid is inside a rigid cylindrical tank attached to the mass with and without
an annular baf� e. A group of nonlinear dynamic differential equations is derived by Lagrange’s method and
symbolic operations using the software Mathematica. The symmetry of the equations veri� es their correctness.
Numerical simulations and amplitude-frequency response analyses show that the so-called synchronous Hopf
bifurcation takes place in the nonplanar sloshing modes of the system without a baf� e. Also, the baf� e and the
damper have different effects on the damping behavior of the vibration and the sloshing, so that the concept of
damping osmosis in nonlinear coupled systems is describled.

Nomenclature
Ai = standard orthogonal coef� cient of Ãi

ax ; ay = acceleration in X and Y directions,
respectively

Bn = standard orthogonal coef� cient of »n

cx , cy = damping constant in X and Y directions
in the coupled system

D = mean depth of an annular baf� e immerged
in the liquid, cm

d = tank diameter, cm
Eex , Eey = nondimensionalamplitude

of the excitation force
Fex , Fey = amplitude of the excitation force
f QFg6 £ 1 = right side functions vector of Eq. (22)
f .r/ = static free surface equilibrium shape function
g = uniform gravity or acceleration,m ¢ s¡2

h = average depth of the liquid in the tank, cm
i, j, k = unit vectors along the coordinate axes oxyz

attached to the cylindrical tank
k = spring rigidity in X and Y directions
kn , ki j = radial wave numbers of Ãn

L = Lagrangian of the coupled system
`rn = element of the nonlinear wavelength

transformationmatrix from f Pqng to fÁng
`.0/

nn , `
.1/

mni , `
.2/

mni j = coef� cients of `mn induced by series
of complicated modal integrals

M = overall mass of the cylindrical tank
and the dry mass
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[ QM]6 £ 6 = nondimensional time-varying mass matrix
of the nonlinear coupled system

OXYZ = initial coordinate
oxyz = coordinate attached to the tank
orµ z = correspondingcylindrical coordinate of oxyz
pg = gas pressure above the liquid surface
pL = liquid pressure
qi = generalized coordinates of ´
PR = absolute velocity of the liquid mass point
S = cross section of the cylindrical tank
Tl = kinetic energy of the liquid
TM = kinetic energy of the dry mass M
UG = gravity position potential energy of the liquid
Uk = potential energy of the springs
U¾ = surface tension potential energy of the liquid
V = volume of the liquid in the tank
w = width of the annular baf� e, cm
0 = linear hysteresis constant of the contact angle

of liquid on the solid wall of the tank
± = logarithm decay damping of the free sloshing
" = orders of maglitude of the primary

modes sloshing
³x , ³i = damping ratio
³xs , ³xl = small and large damping ratio

of the elastic vibration
´ = wave height of the free surface measured

from the mean equilibrium height
´max = maximum of the sloshing height
¸i j = radial wave numbers of »n with the linear hys-

teresisof thecontactanglebeingconsidered4

¹ = nondimensionalmass ratio
ºa , ºb = two linear coupled frequencies

of the coupled system
ºn = nondimensional frequency ratio of each order

sloshing frequency to the characteristic
frequency of the spring–mass system

ºx = nondimensional frequency of excitation
»n = modal shapes of ´.r; µ; t/
½ = density of the liquid
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¾ = surface tension coef� cient of the liquid
Á = liquid � ow potential function
Ái = generalized coordinates of Á.r; µ; z; t/
Ãi = modal shapes of Á.r; µ; z; t/
2H = mean curvature of the free surface

Introduction

I N the spaceengineering� eld, dynamiccouplingrelated to liquid
sloshingisencounteredfrequently.1 A linearequivalentmechani-

cal model, that is, either a spring–massor a simplependulum,is used
to describe sloshingand to predict the motion of the coupled liquid–

spacecraft system.2;3 However, the liquid sloshing is an intrinsic
nonlinear problem. In particular, � nite-amplitude sloshing must be
described by a nonlinear model. During the launch phase, dock-
ing and separationor maneuvering, large-amplitudeliquid sloshing
would take place. The sloshing in a low gravity environment may
be nonlinear when the carrier spacecraft rotates slowly. Therefore,
� nite-amplitude sloshing has been important for a long time.

The nonlinear analytical study of sloshing is not easy, and the
nonlinearly coupled dynamics of a liquid–spacecraft system with
a general mode is even more dif� cult. Peterson et al.4 adopted an
oscillator to represent the linear vibration of spacecraft. In their
model, a cylindrical tank is � xed on the mass of the oscillator. By
unique experiments and a theoretical model, they investigated the
nonlinearly coupled dynamic behavior of the model. This is a sim-
ple and ef� cient model to study the nonlinear-coupledmechanism.
New liquid–spacecraft coupled modes are formed, and nonlinear
multifrequency resonance becomes more complicated due to the
participationof the coupled modes.

The � nite-amplitude sloshing in the coupled model has some
unique characteristics that distinguish it from the sloshing in un-
coupled cases. It should not be assumed that a linear model or even
a nonlinear uncoupled model will lead to an accurate analytical
model if sloshing and spacecraft motion are closely coupled. Van
Schoor and Crawley5 studied this model by use of both ground and
� ight tests. These tests show that the in� uence of the bottom shape
of the tank is negligible, but that the gravity magnitude and the type
of liquid will affect the dynamic behavior considerably.

In this paper, a group of coupled dynamic differential equations
is established based on the model of Peterson et al.4 by symbolic
operationof the software Mathematica. The damping of the annular
baf� e is introduced. Numerical simulations show that the mathe-
matical model of the coupled system can predict the bifurcation of
the nonplanarsloshingmodes seen in the experimentof Ref. 4 with-
out a baf� e and that the baf� e suppresses the sloshing signi� cantly
but has different effects on the elastic vibration depending on the
excitation frequency.

Dynamic Model
The system studied is represented schematically in Fig. 1. The

tank is suspended by springs and dampers. The uniform gravity
� eld gk is aligned with the cylinder axis and is suf� cient to collect
the liquid at the bottom of the tank.

For a small Bond number, the static free surface of the liquid is
like a meniscus. The origin of the coordinate system oxyz is at the
center of the mean static surface.

Finite-Amplitude Sloshing
The liquid is assumed to be inviscid, irrotational,and incompress-

ible, and the � nite-amplitudesloshingof the liquid can be described
according to the potential theory as follows:

Fig. 1 Dynamic model of a lateral
liquid-spacecraft coupled system.
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where Eqs. (2) and (3) are the boundary conditions on the solid
wall and Eqs. (4) and (5) are the kinematic and dynamic boundary
conditions on the free surface, respectively.

For the linear sloshing problem, the terms of second and higher
orders in Eq. (4) and (5) are neglected, and it is evident that the
potential function is of the same order as the wave height and that
the eigenfunctionscan be obtained from Eqs. (1–4).

For the nonlinearsloshingproblem, there are many means to deal
with the preceding equations. The method of functional extremum
by Miles6 was generalizedby Peterson et al.4 to obtain the nonlinear
wavelength transformation between the generalized coordinates of
the velocity potential and the wave height function.

The method of Peterson et al.4 uses the modal coordinates,modal
velocities,and modalaccelerationsto describe� nite-amplitudenon-
linear sloshingand, therefore,is intuitiveand distinct.Hutton7 com-
bined the kinematics with the dynamic condition to eliminate the
wave height and then expanded the velocity potential according to
the eigenfunctions to establish the dynamic differential equations
of the generalizedcoordinates.With regard to the rectangulartanks,
Nagata8 perturbed the potential function to obtain the results after
the eliminationof the wave height. In 1987, Komatsu9 put forward a
method that retains both kinds of generalizedcoordinatesand is ap-
plicablefor tankswith arbitrarygeometry.We obtainthe wavelength
transformation relationship directly from the kinematic boundary
condition Eq. (4).

For a small Bond number, the following modal expansion is
introduced:

Á.r; µ; r; t/ D
NX

i D 1

coshki .z C h/

coshki h
Ãi .r; µ/Ái .t/ (6)

´.r; µ; t/ D f .r/ C
NX

n D 1

»n.r; µ/qn.t/ (7)

According to Peterson et al.4 and Miles,10 � ve liquid modes are
suf� cient to obtain good accuracy; they are shown in Table 1.

Because the vibration of mass M couples to the primary modes,
the vibrations along X and Y are both of the order of ". All other
modes are of the order of "2 , and among them, Ã3 , Ã4 , and Ã5 (»3,
»4 , and »5 ) are dominant. Substituting expansions (6) and (7) into
Eq. (4), we obtain

NX

n D 1

PnÁn D
NX

n D 1

»n Pqn (8)

where

Pn D Qn C
NX

i D 1

Qni qi ; Qn D knÃntanh knh ¡ f 0.r/
@Ãn

@r

Qni D ¡rÃn ¢ r»i (9)

Multiplying the two sides of Eq. (8) by »m , m D 1; 2; : : : ; N , and
integrating the results over the cross section S, we obtain

[Imn ]N £ N fÁngN £ 1 D f PqngN £ 1 (10)

which can be rewritten as

fÁngN £ 1 D [`mn]N £ N f PqngN £ 1 (11)
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Table 1 Assumed modes for nonlinear sloshing in cylindrical tanks

Modal Nodal
index Name Order Ãn »n diameter

1 Planar primary " A1 J1.k11r / cos µ B1 J1.¸11r / cos µ 1
2 Nonplanar primary " A2 J1.k11r/ sin µ B2 J1.¸11r/ sin µ 1
3 Axisymmetric secondary "2 A3 J0.k01r/ B3 J0.¸01r/ 0
4 Planar secondary "2 A4 J2.k21r/ cos 2µ B4 J2.¸21r/ cos 2µ 2
5 Nonplanar secondary "2 A5 J2.k21r/ sin 2µ B5 J2.¸21r/ sin 2µ 2

where

[`mn]N £ N D [Imn]¡1
N £ N ; Imn D Jmn C

NX

i D 1

Jmni qi

Jmn D 1
S

Z Z

S

»m Qn dS; Jmni D 1
S

Z Z

S

»m Qni dS (12)

It is evident that, even for N D 5, the inverse operation will be very
cumbersome, and so we use Mathematica to obtain the inverse ma-
trix:

`mn
:D ±mn`.0/

nn C
NX

i D 1

`
.1/

mni qi C
NX

i D 1

NX

j D 1

`
.2/

mni j qi q j C ¢ ¢ ¢ (13)

According to the physical meaning of the mathematical modal,
� nite-amplitude sloshing in the deep cylindrical tank must exhibit
weak nonlinear dynamic behavior evolving from small-amplitude
sloshing. Thus, the high-order terms included in the ellipsis can be
neglected.

Based on the wavelength transformationrelationship(13), the ki-
netic energy and potential energy of the liquid in the tank can be
derived with qi and Pqi , i D 1; 2; : : : ; N , as the generalized coordi-
nates and velocities. The kinetic energy is given by

Tl D 1
2

½

Z Z Z

V

PR ¢ PR dV (14)

where

PR D PX i C PY j C rÁ (15)

The potential energy of the liquid is composed of the energy due
to gravity by specifying the potential of the static equilibrium to be
zero:

UG D
Z Z Z

V

½gz dV D ½g

Z Z

S

0

@
´.r;µ;t/Z

f .r /

z dz

1

A dS (16)

and the surface-tensionpotential

U¾ D ¾

Z Z

S

p
1 C r´ ¢ r´ dS ¡ ¾

Z Z

S

p
1 C f 0.r/ ¢ f 0.r/ dS

(17)

Damping of the Annular Baf� e
Modeling the damping is an important and dif� cult step in the-

oretical analysis and engineering in the process of deriving the dy-
namic equations. It usually depends on experiments. In engineer-
ing, an annular baf� e is usually used to suppress the liquid sloshing.
Miles11 introduced a semi-empirical formula for the logarithmic
decay damping for the annular baf� e

± D 6
p

2¼

"

1 ¡
³

1 ¡ w

a

´2
# 3

2

exp

³
¡4:6

D

a

´r
´max

d
(18)

This formula was obtainedonly for planar sloshing.Based on the
geometrical symmetry of the tank, the empirical equation should be
generalized to the � nite-amplitude sloshing, which comprises both
the nonplanar and symmetrical modes.

In Table 1, for the normalized modal shapes B1 D B2 and B4 D
B5, the wave height can be rewritten as

´ D f .r/ C B1 J1.¸11r/
p

q2
1 C q2

2 sin
£
µ C tan¡1 .q1=q2/

¤

C B3 J0.¸01r/q3 C B4 J2.¸21r /
p

q2
4 C q2

5

£ sin
£
µ C tan¡1 .q4=q5/

¤
(19)

Considering that the order of magnitude of q3, q4 , and q5 is lower
than that of q1 and q2 and the characteristics of the Bessel modal
parts J1.¸11r/, J0.¸01r/, and J2.¸21r/, we have approximately

´max D B1 J1.¸11a/
p

q2
1 C q2

2 ¡ B3 J0.¸01a/jq3j

C B4 J2.¸21a/
p

q2
4 C q2

5 (20)

Dynamic Equations and Their Symmetry
The Lagrangian of the coupled system is

L D TM C Tl ¡ Uk ¡ UG ¡ U¾ (21)

Expanding expression (21) in terms of X , Y , q1, q2; : : : ; q5 leads
to severalnonlinearequationsof motion.FollowingRef. 4, we write
all parameters and variables in dimensionless form with respect to
M; d , and/or

p
.k=M / and obtain

.1 C ¹/ RX C 2³x
PX C X C ®1 Rq1 D Eex cosºx t (22a)

.1 C ¹/ RY C 2³y
PY C Y C ®2 Rq2 D Eey cos ºy t (22b)

¹11

¡
Rq1 C 2³ º1 Pq1 C º2

1q1

¢
C ®1

RX C
¡
¯111q1 C ¯112q2

C ¯113q3 C¯114q4 C¯115q5 C¯1111q
2
1 C ¯1112q1q2 C¯1122q

2
2

¢
Rq1

C 1
2

¡
¯121q1 C ¯122q2 C ¯123q3 C ¯124q4 C ¯125q5 C ¯1211q2

1

C ¯1212q1q2 C ¯1222q
2
2

¢
Rq2 C 1

2 .¯131q1 C ¯132q2/ Rq3

C 1
2
.¯141q1 C ¯142q2/ Rq4 C 1

2
.¯151q1 C ¯152q2/ Rq5

C
¡

1
2 ¯111 C ¯1111q1 C 1

2 ¯1112q2

¢
Pq2

1 C
£

1
2 .¯122 ¡ ¯221/

C
¡

1
2 ¯1212 ¡ ¯2211

¢
q1 C

¡
¯1222 ¡ 1

2 ¯2212

¢
q2

¤
Pq2

2

C .¯112 C ¯1112q1 C 2¯1122q2/ Pq1 Pq2 C ¯113 Pq1 Pq3 C ¯114 Pq1 Pq4

C ¯115 Pq1 Pq5 C 1
2 .¯123 C ¯132 ¡ ¯231/ Pq2 Pq3 C 1

2 .¯124 C ¯142

¡ ¯241/ Pq2 Pq4 C 1
2 .¯125 C ¯152 ¡ ¯251/ Pq2 Pq5 C ¾113q1q3

C ¾114q1q4 C ¾125q2q5 C ¾1111q
3
1 C ¾1122q1q2

2 D 0 (22c)
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¹22

¡
Rq2 C 2³ º2 Pq2 C º2

2 q2

¢
C ®2

RY C 1
2

¡
¯121q1 C ¯122q2 C ¯123q3

C ¯124q4 C ¯125q5 C ¯1211q
2
1 C ¯1212q1q2 C ¯1222q2

2

¢
Rq1

C
¡
¯221q1 C ¯222q2 C ¯223q3 C ¯224q4 C ¯225q5 C ¯2211q

2
1

C ¯2212q1q2 C ¯2222q
2
2

¢
Rq2 C 1

2 .¯231q1 C ¯232q2/ Rq3

C 1
2 .¯241q1 C ¯242q2/ Rq4 C 1

2 .¯251q1 C ¯252q2/ Rq5

C
£

1
2 .¯121 ¡ ¯112/ C

¡
¯1211 ¡ 1

2 ¯1112

¢
q1

C
¡

1
2 ¯1212 ¡ ¯1122

¢
q2

¤
Pq2
1 C

£
1
2 ¯222 C 1

2 ¯2212q1 C ¯2222q2

¤
Pq2

2

C .¯221 C 2¯2211q1 C ¯2212q2/ Pq1 Pq2 C 1
2 .¯123 C ¯231 ¡ ¯132/ Pq1 Pq3

C 1
2
.¯124 C ¯241 ¡ ¯142/ Pq1 Pq4 C 1

2
.¯125 C ¯251 ¡ ¯152/ Pq1 Pq5

C ¯223 Pq2 Pq3 C ¯224 Pq2 Pq4 C ¯225 Pq2 Pq5 C ¾223q2q3

C ¾224q2q4 C ¾125q1q5 C ¾1122q
2
1 q2 C ¾1111q3

2 D 0 (22d)

¹33

¡
Rq3 C 2³ º3 Pq3 C º2

3 q3

¢
C 1

2
.¯131q1 C ¯132q2/ Rq1 C 1

2
.¯231q1

C ¯232q2/ Rq2 C 1
2
.¯131 ¡ ¯113/ Pq2

1 C 1
2
.¯232 ¡ ¯223/ Pq2

2

C 1
2
.¯132 C ¯231 ¡ ¯123/ Pq1 Pq2 C 1

2
¾113q2

1 C 1
2
¾223q2

2 D Cq

(22e)
¹44

¡
Rq4 C 2³ º4 Pq4 C º2

4 q4

¢
C 1

2
.¯141q1 C ¯142q2/ Rq1 C 1

2
.¯241q1

C ¯242q2/ Rq2 C 1
2 .¯141 ¡ ¯114/ Pq2

1 C 1
2 .¯142 C ¯241 ¡ ¯124/ Pq1 Pq2

C 1
2 .¯242 ¡ ¯224/ Pq2

2 C 1
2

¡
¾114q2

1 C ¾224q2
2

¢
D 0 (22f)

¹55

¡
Rq5 C 2³ º5 Pq5 C º2

5 q5

¢
C 1

2 .¯151q1 C ¯152q2/ Rq1 C 1
2 .¯251q1

C ¯252q2/ Rq2 C 1
2 .¯151 ¡ ¯115/ Pq2

1 C 1
2 .¯152 C ¯251 ¡ ¯125/ Pq1 Pq2

C 1
2 .¯252 ¡ ¯225/ Pq2

2 C ¾125q1q2 D 0 (22g)

The coef� cients in the precedingequationsare all dimensionless,
among which ®i , ¯i j k , ¯i jkl , ¹i j , ¾i jk , ¾i jkl , and Cq are integrals of
complicated modal functions. Also, ®1 and ®2 are coupling coef� -
cients between the spring–damper–mass vibration and the primary
modal sloshing. The terms with coef� cients ¯i jk , ¯i j kl , or ¹i j rep-
resent the inertial forces of the � nite-amplitudesloshing.The terms
with coef� cients¾i jk or ¾i j kl result from the surface tension. It is ob-
viousthat the surfacetensionprovidescomplicatednonlinear-spring
terms in Eq. (22).

Because of the geometrical symmetry between the degrees of
freedom for the X and Y motion and between the sloshing modes,
there is symbolic symmetry between the corresponding equations
and between the corresponding terms in any single equation. The
motions in X and q1 are coupled even for the linearized system and
so are the motionsY and q2. However, if a small excitationis applied
only in the X direction,a weak nonlinearityexists in the responseof
the coupled chain X » q1 due to the participationof the high-order
planar modes. The chain Y » q2 is similar.

By this token, X » q1 » q3 » q4 and Y » q2 » q3 » q5 form two
nonlinearlycoupledchains. Increasingthe excitationor exciting the
system in both the directions will twist the two chains with each
other due to the nonlinear coupling of the sloshing modes. In the
middle of the two chains, the product terms of q1, q2 , Pq1 , Pq2, Rq1, and
Rq2 in Eq. (22e) exist in pairs with the same form. At the end of the
chains, some correspondingrelationships exist in the equations for
q4 and q5 . It is found that there are only the terms with the order
of magnitude "1 in the equations of X and Y and only "2 terms in
q3, q4 , and q5 equations, but there are "1 , "2 , and "3 terms in q1 and

q2 equations, and the "2 terms are all coupling ones of the primary
sloshing modes.

It follows from the preceding discussion that if an increasing
excitation is applied only in one direction, the primary mode must
couple with the secondary modes in the same chains � rst and then
with the another primary mode. Thus, all of the terms of order "2

must be zeros.
The conclusion is supported by numerical simulations that show

that, in Eq. (22), the magnitudes of ¯111, ¯112 , ¯115 , ¯121 , ¯122 , ¯123,
¯124 , ¯132 , ¯142 , ¯151 , ¯221, ¯231, ¯241, ¯222, ¯225, ¯252, ¯1112 , ¯1211,
¯1222, and ¯2212 are less than the magnitudesof the other coef� cients
by a factor of 10 or more.

Numerical Method
For simplicity,we constrain the motion to be only in the X direc-

tion, that is, Y D 0. The coupled equations can be rewritten as

[ QM]f RQPg D f QFg (23)

where [ QM]6 £ 6 is a function of the generalized coordinates,

f RQPg D f RX ; Rq1; Rq2; Rq3; Rq4; Rq5gT (24)

is the nondimensionalaccelerationvector, and f QFg6 £ 1 is a function
of the generalizedcoordinates,their time derivatives,and the nondi-
mensional time. It is obvious that the matrix [ QM ] must be positive
de� nite. Equation (23) can be rewritten as

f RQPg D [ QM]¡1f QFg (25)

From Eq. (25), a state-space form of the mathematical model is
easily obtained and solved by the classical Runge–Kutta method.12

The discretizationerror and the roundoff error of the method can be
found in Ref. 12. Many numerical experiments have been done. It
is found that the algorithm is convergent with an abundant choice
of step sizes. The simulated system and the initial values are given
in the following sections. There are many parameters included in
this mathematical model, such as the scale of the tank, the Bond
number, the mass and the frequency ratios of the coupled system,
etc. Numerical simulations show that the damping coef� cients of
the coupled system and the amplitude and frequency of excitation
have remarkableeffectson the convergenceof the numerical results.

To gain an insight into a nonlinear system, it is not enough to
give numerical solutions for some initial values. It is known that the
frequency-responsecurves of some state variables can be obtained
by experiments in which the excitation frequency increases slowly
and uniformly with time. By analyzing the experimental results
carefully, we know that the nonlinear vibration system would take
the steady state (displacements, velocities, and the amplitude and
phase of the excitation) of the last sample as its initial conditions
when the frequencyis changed to a new sample. This is the primary
cause of a hysteretic jump phenomenonof the amplitude-frequency
curvesthat takesplacein theexperiments.It is easy to realizethat any
algorithmscan produce the same curves if they simulate the process
of the experiment. We call these algorithms experiment-simulating
algorithms.

Synchronous Hopf-Bifurcation Phenomenon of the
Nonplanar Sloshing Modes in the Coupled System

A coupled system without a baf� e, with the following pa-
rameters and analogous to the experimental system in Ref. 4 is
called system A and is investigated � rst: d D 3:1, h D 3:0, g D 1:0,
B0 D 66, 0 D 0, ¹ D 0:1600, º1 D 0:9000, µc ¼ 0, ³1 D ³2 D 0:0348,
³3 D ³4 D ³5 D 0:035, and ³x D 0:05.

For example 1, the nondimensionalamplitudeof the excitation is
0.01,thenondimensionalfrequency0.80,and the stepsize0.1.Small
initial values q2 D 0:01 and q5 D 0:001 for the nonplanar sloshing
modes and zero for the other state variablesare assumed. The histo-
ries of the generalizedcoordinatesare given in Figs. 2a–2f and that
of the wave height at point .r; µ/ D .a; 0/ is given in Fig. 2g.

In example2, the frequencyis changedto 0.90.The time histories
are given in Fig. 3.
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a)

b)

c)

d)

e)

f)

g)

Fig. 2 Time histories of system A; Eex = 0:010 and ºx = 0:80.

By comparing the examples, we found that a small change in the
excitation frequency has led to a signi� cant change in the dynamic
behavior of the coupled system: 1) the primary nonplanar sloshing
mode going from converging on zero to unstable, 2) the secondary
nonplanarmodebecomingunstable,3) theamplitudeof the response
in q1 increasing remarkably, and 4) the zero-drift phenomenon of
the wave height taking place. Many runs with different initial con-
ditions have been done, showing that the listed phenomena are
repeatable.

Large initial conditions in the examples are adapted for a glaring
representationof the phenomenon.In fact, even a small perturbation

a)

b)

c)

d)

e)

f)

g)

Fig. 3 Time histories of system A; Eex = 0:010 and ºx = 0:90.

or just a perturbation in one of the nonplanar sloshing modes can
produce the phenomena as well, but the transition time is longer.

For example 3, all of the initial conditionsare zero and the results
are given in Fig. 4. From Fig. 4, it is shown that the numerical
solution for the unstable equilibrium (no nonplanar sloshing) of
system A does exist for sure when Eex D 0:010 and ºx D 0:90.

In fact, the Hopf bifurcation of the primary nonplanar sloshing
mode takes place when the excitation frequencychanges from 0.80
to 0.90. In the phaseplane .q2; Pq2/, the attractorchangesinto a stable
limit cycle from a focus at the origin, as Fig. 5 shows.

Note that while bifurcationof the primary nonplanarmode takes
place, the bifurcation of the secondary nonplanar mode also does,
as shown in Fig. 6 and by comparing Figs. 2 and 3.
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a)

b)

c)

d)

Fig. 4 Time histories of system A; Eex = 0:010, ºx = 0:90, and zero ini-
tial conditions.

a) Phase plane, ºx = 0:80

b) Phase plane, ºx = 0:90

Fig. 5 Supercritical bifurcation of nonplanar primary mode, system
A; Eex = 0:010.

Numerical simulationsshow that the bifurcationparameters (fre-
quencies) of the primaryand secondarynonplanarmodes are identi-
cal for the same excitation amplitudes. With regard to system A for
Eex D 0:010, the bifurcationfrequencyis ºx D 0:8875.Similarly, the
excitation amplitudes correspondingto the Hopf-bifurcationpoints
for the two degrees of freedom are identical for the same excitation
frequencies. The phenomenon of Hopf-bifurcation taking place in
two or more degrees of freedom at the same point of the parameter
space is called synchronousHopf bifurcation in this paper. In fact,
here both the harmonic-excitationamplitude and frequency can be
the parameters of the Hopf bifurcation.Through numerousnumeri-

a) Phase plane, ºx = 0:80

b) Phase plane, ºx = 0:90

Fig. 6 Supercritical bifurcation of nonplanar secondary mode, system
A; Eex = 0:010.

a) Phase plane, ºx = 0:95

b) Phase plane, ºx = 1:0

Fig. 7 Subcritical bifurcation of the nonplanar primary mode, system
A; Eex = 0:010.

cal simulations,a bifurcationset can be determinedin the parameter
space for the nonplanar modes of system A.

The preceding synchronous Hopf bifurcation is the � rst one of
system A. It occurs at the right-hand side of the bifurcation param-
eters and is a supercritical bifurcation. Synchronous bifurcation of
the nonplanar modes of system A takes place for the second time
when ºx D 0:9505 and Eex D 0:010. The phase diagrams of the pri-
mary and secondarymodes with ºx D 1:0 and Eex D 0:010 are given
in Figs. 7b and 8b. The second synchronous bifurcation is a sub-
critical one. The steady results with different integral steps used are
plotted in Figs. 7a and 8a, and they show the accuracy and grid
independenceof the numerical simulations.

Reviewing the described process, by using the polar coordinates
to describe the modal attractors of the two nonplanar modes, we
specify the average polar radius of the primary mode as r2 and
specify that of the secondary modes as r5. With a � xed excitation
amplitude, the locus of the nonplanar modes sloshing is shown in
Fig. 9 in the productspace .r5; r2; ºx / of the generalizedphase space
and the parameter space.
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a) Phase plane, ºx = 0:95

b) Phase plane, ºx = 1:0

Fig. 8 Subcritical bifurcation of nonplanar secondary mode, system
A; Eex = 0:010.

Fig. 9 Synchronous Hopf bifurcation.

Fig. 10 Synchronous Hopf-bifurcation set of nonplanar modes of
system A.

In Fig. 9, the solid curve, known as a bifurcation track, represents
a series of motion states of system A. The dashed curve in the plane
.r2; ºx / is a projection of the bifurcation track in the plane r5 D 0.
In fact, it is the bifurcationdiagram of the primary mode. The other
dashed curve is the projectionof the track in the plane r2 D 0, which
is the bifurcationdiagram of the secondarymode. For Eex D 0:010,
the nondimensional frequencies of the two Hopf bifurcations are
ºx D 0:8875 and 0:9505. Figure 10 shows the bifurcation set in pa-
rameter plane .ºx ; Eex /. The shadowed area presents the existence
of stable nonplanar sloshing.

As a supplement, the preprocessing gives the � rst-order nondi-
mensional sloshing frequency º1 D 0:9024 and also two coupled
system frequencies ºa D 0:8428 and ºb D 1:0101 without damping.
Figure 10 shows that the frequency exciting the nonplanar sloshing
of the coupled system is about the same as the � rst-order sloshing
frequencyand is betweenthe two coupledsystemfrequencies.In this
section, the synchronousHopf-bifurcationphenomenon is given by
several special numerical examples. As a matter of fact, numerical
simulations show that the phenomenon is a general behavior of the

coupled system. In Fig. 10, it is shown that while Eex ¸ 0:0087, the
bifurcationmay appear.While Eex · 0:015, the numerical resultsof
system A always give the described phenomenon.While the damp-
ing ratiosdecrease to two-thirdsof the system with Eex D 0:010, the
results will diverge as well.

As shown in Figs. 2b, 2g, and 3, the responsefor the other degrees
freedomchangessigni� cantlywhen the bifurcationof the nonplanar
modes takes place. For instance,as a comprehensiveresult, the time
history of the wave height at a special point has a signi� cant zero-
drift after bifurcation.

In Eq. (22), the equation corresponding to each secondary mode
containsmanysquaretermsof theprimarymodalcoordinates,which
are the source of the zero-driftphenomenon.When the supercritical
synchronous Hopf bifurcation of the nonplanar modes takes place,
the zero-drift driven by the primary modes becomes more signi� -
cant. According to this analysis, the synchronousHopf-bifurcation
point of the nonplanarmodes is also the catastrophicpoint of system
A at which the response of each state variable changes greatly.

It follows from the discussion of dynamic modeling that in the
sense of linearity the vibration of X is coupled with the planar
asymmetrical primary sloshing modal. When the amplitude of the
sloshingis large enough,the planarprimarymodalmotionwill drive
the planar secondary mode and the axial symmetrical mode due to
the strong coupling of the chain q1 » q3 » q4 . When the amplitude
of the excitation increases to a large enough value, the nonplanar
sloshing will become unstable and obtain kinetic energy from the
planarmodes.Then, becauseof the strongcouplingof the nonplanar
modes, synchronousHopfbifurcationtakesplace. In conclusion,the
synchronousbifurcationphenomenonis an importantrepresentation
of the sophisticatedbehavior of the nonlinear system A.

Damping Osmosis Phenomenon of the Coupled System
In space engineering, liquid sloshing usually needs to be sup-

pressed. The best way to improve the sloshing damping is usu-
ally to install baf� es in the tank. At present, it is clear how the
rigid baf� es affect the dynamic characteristics of the sloshing liq-
uid. A liquid–spacecraft coupled system B is investigated in this
section. The parameters of system B are as follows: d D 29:2,
h D 18:05, g D 1:0, B0 D 2870, 0 D 0, ¹ D 0:8253, º1 D 0:8495,
µc ¼ 0, ³1 D ³2 D 0:0019, ³3 D ³4 D ³5 D 0:0012, ³xs D 0:098, and
³xb D 0:15.

The two linear coupled system frequencies are ºa D 0:6617 and
ºb D 1:0384. The zero initial conditions with small pertubations in
the nonplanarmodalcoordinatesare adoptedas well in the following
numerical example. As a numerical example, the amplitude of the
excitation is 0.010, and the integral step size is 0.5. An annular
baf� e with width w D 1:35 cm and immerged depth D D 1:50 cm
is installed in the cylindrical tank. With the use of the experiment-
simulation algorithm, the amplitude-frequency response curves of
system B are plotted in Fig. 11. In the algorithm, the excitation
frequencyincreaseswith a small step 0.01. At each frequency, long-
time historiesof the system from t D 0 to 2500 have been simulated
to obtain steady amplitudes of X : q1 and q2.

Comparing the results for the cases without and with a baf� e in
Fig. 11,we � nd the functionsof thebaf� e to be1)alwayssuppressing
signi� cantly the amplitude of the liquid sloshing and the nonplanar
sloshing bifurcation in the tanks, 2) having a complicated effect on
the vibrationof the spring–mass system and sometimes suppressing
the vibration and sometimes amplifying the vibration, 3) suppress-
ing signi� cantly the zero drifts of each modal coordinate, and so
suppressing the whole liquid sloshing, etc.

It is noticed that phenomenon 2 takes place in the case of the
harmonic force by which the planar and nonplanar sloshing will
be excited signi� cantly when the baf� e is removed. When it is pre-
sumed that a wide baf� e is installedat the liquid free surface and the
liquid is sealed as a rigid mass, the coupled system will degenerate
into a spring–mass system with a single degree of freedom, and the
mentionedphenomenonwill be the resonantbehaviorof the system.
The curves in Fig. 11a are analogousto thoseof the dynamicdamper
with differentdampingsin the linearizedsystem.Phenomenon2 can
be viewed as the damping effects of the baf� e in the liquid–solid
coupled system. When the baf� e is removed or when the width
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a)

b)

c)

Fig. 11 Effect of damping on the amplitude-frequency characteristic
of system B.

of the baf� e is small enough, there are at least two characteristic
peaks (maybe three or more if the nonplanar sloshing is excited)
corresponding to the two linear coupled frequencies. A baf� e with
a moderate width will amplify the vibration of the spring–mass sys-
tem at the � rst-order slosh eigenfrequencies. In fact this is also a
result of the baf� e suppressing the liquid sloshing signi� cantly. A
conclusion can be made that the baf� e does not always work better
as its width increases. It works best only for a certain width from the
viewpoint of liquid–spacecraftcoupled dynamics.From Eq. (18), it
is easy to see that the sloshing damping is increasingand effect 2 is
becoming more signi� cant while the baf� e is getting wider and the
immerged depth is getting smaller.

Comparing the results for small vs large vibration damping, we
notice that 1) the damper suppresses both the vibration and the
sloshingand 2) the suppressingeffect of the damper on the sloshing
is smaller than that of the baf� e.

These effects are understandable.With the increase of the damp-
ing, the amplitude of the vibration decreases, which means the de-
crease of the kinematic excitation to the liquid sloshing. Therefore,
the amplitude of the liquid sloshing will decrease. As for effect 2,
it is mainly because the damping of the damper is usually not too
great. The baf� e works directly on the liquid, and so the effect is
usually signi� cant.

The dual suppressing effects of the damper on the vibration and
the sloshing are meaningful for engineering. For instance, one can
intentionallydesign joints with adequate damping to passively sup-
press the vibration of the whole spacecraft.

To summarize, in the liquid–spacecraft coupled system, the
damper damping always permeates through the liquid to suppress
both the sloshing and the elastic vibration. The baf� e suppresses
the liquid sloshing remarkably, but affects the elastic vibration in
different ways according to the different excitation frequencies. If
the excitation frequency is far away from the � rst-order sloshing,
the baf� e damping will permeate through the spring–mass system.
If the excitation is near the sloshing frequency,it will become a neg-

ative damping, which ampli� es the elastic vibration.Therefore, the
describedphenomenoncanbe calleddampingosmosisof the liquid–

spacecraft coupled system, which is a nonlinear phenomenon.

Conclusions
The mathematical model of a simpli� ed nonlinear liquid–

spacecraft coupled dynamic system is established by symbolic op-
eration of the software Mathematica. Several important dynamic
phenomena of the system are found by numerical simulations.

Because of the geometrical symmetry of the physical model, the
mathematical model presents symmetry between equations and be-
tween terms within a singleequation,which proves that the dynamic
equations are correct to some extent.

Numerical simulationsof the system without a baf� e indicate that
a synchronousHopf bifurcationmay occur for the nonplanar slosh-
ing modes of the coupled system subject to only planar excitation
with slowly increasing frequency. The supercritical and subcriti-
cal bifurcation frequencies are located behind and in front of the
� rst-order eigenfrequencyof the liquid sloshing, respectively.

The synchronousHopf bifurcationis the representationof the so-
phisticated nonlinear coupled relationships. When the bifurcation
takes place, the dynamic behaviorsof the whole system change sig-
ni� cantly. For instance, the time history of the wave height presents
a remarkable zero-drift phenomenon.

Another nonlinear phenomenon, the damping osmosis, appears
when an annular baf� e is installed in the cylindrical tank in the cou-
pledsystem.For a forcedsystem, thedampingof theelasticvibration
always permeates through the liquid to suppress the sloshing while
suppressingthe vibration.The baf� e suppressesthe sloshingsignif-
icantly, but has different effects on the elastic vibration, depending
on the excitation frequency.

The conceptof synchronousHopf-bifurcationphenomenondeep-
ens our insights into the nonlinear coupled liquid–spacecraft sys-
tem. The damping osmosisphenomenondemonstratesthat although
the baf� e is an ef� cient means of passively controlling the liquid–

spacecraft coupled system, it is not necessarily the wider the better,
and its size should be optimized.
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